Let f be a non-constant complex-valued analytic function defined on a connected, open set containing the L p -spectrum of the Laplacian L on a homogeneous tree. In this paper we give a necessary and sufficient condition for the semigroup T (t) = e tf (L) to be chaotic on L p -spaces. We also study the chaotic dynamics of the semigroup T (t) = e t(aL+b) separately and obtain the sharp range of b for which T (t) is chaotic on L p -spaces. It includes some of the important semigroups, such as the heat semigroup and the Schrödinger semigroup.
Introduction
A homogeneous tree X of degree q + 1 is a connected graph with no circuits such that every vertex is connected to q + 1 other vertices. Henceforth we assume q ≥ 2. We denote by d(x, y) the natural distance between any two vertices x and y, which is the number of edges joining them. The canonical Laplacian L on X is defined by Unlike many other spaces, L defines a bounded linear operator on the Lebesgue spaces L p (X) for every p ∈ [1, ∞] . Let σ p (L) denote the L p -spectrum of the Laplacian L. Let f be a non-constant complex holomorphic function defined on a connected open set containing σ p (L). Then by the usual Riesz functional calculus (see [14, Page 261]), it follows that the semigroup (1.1)
T (t) = e tf (L) where t ≥ 0, is a bounded linear operator on L p (X) for every p ∈ [1, ∞] .
In this paper we study the chaotic dynamics of the semigroup T (t) = e tf (L) on L p (X). Before stating our main results, we recall some basic definitions. For details we refer [13, 5] . Let X be a Banach space and B(X) be the space of all bounded linear operators from X into itself. A semigroup on X is a map T : [0, ∞) → B(X) such that T (0) = I and T (s+t) = T (s)T (t) for all s, t ≥ 0. Further T (t) is said to be hypercyclic if there exists x ∈ X such that {T (t)x : t ≥ 0} is dense in X. A point x ∈ X is said to be periodic for T (t) if there exists t > 0 such that T (t)x = x. The set of all periodic points will henceforth be denoted by X per . The semigroup T (t) is said to be chaotic if it is hypercyclic and its set of periodic points is dense in X.
It follows from the definition of hypercyclicity that the existence of a hypercyclic semigroup on a Banach space implies that it is separable. Therefore it is obvious that T (t) cannot be hypercyclic on L ∞ (X) and hence not chaotic on L ∞ (X). For other values of p, we have the following results.
Theorem A. Let 2 < p < ∞ and T (t) = e tf (L) be a semigroup on L p (X) as defined in (1.1) . Then the following statements are equivalent.
(1) T (t) is chaotic on L p (X).
(2) T (t) has a non-trivial periodic point, that is L p (X) per = {0}.
(3) The set of periodic points of T (t) is dense in L p (X), that is L p (X) per = L p (X).
Theorem B. Let 1 ≤ p ≤ 2 and T (t) be as in Theorem A. Then we have the following.
(1) T (t) has no non-trivial periodic point in L p (X).
(2) T (t) is not hypercyclic on L p (X).
In particular T (t) is not chaotic on L p (X).
For 2 < p < ∞ we define δ p = 1/p − 1/2 and
Theorem C. Suppose that T (t) = e t(aL+b) , t ≥ 0 where a is a non-zero complex number and b is real. Let 2 < p < ∞. Then the following are equivalent.
(2) T (t) has a non-trivial periodic point, that is L p (X) per = ∅.
(3) a and b satisfy −Re a − Φ p (a) < b < −Re a + Φ p (a), where Φ p (a) is given by (1.2).
(4) T (t) is hypercyclic.
Remark 1.1. If we assume b to be a complex number, then there won't be any significant change in the proof of the Theorem C because |e itℑb | = 1 for all t ≥ 0. However there will be a minor modification in the statement of Theorem C (3) where b will be replaced by Re b.
As a consequence of Theorem C, we obtain the sharp range of perturbations for which the heat semigroup and the Schrödinger semigroup are chaotic. The heat semigroup(H t ) t≥0 generated by the Laplacian L is given by the formula
In [2] Cowling, Meda, and Setti studied the behaviour of H t and its L p − L r operator norm. Further Setti considered the analogous problem for the complex-time heat operator H ξ , and derived precise estimates for the L p −L r operator norms of H ξ , for ξ belonging to the half-plane Re ξ ≤ 0 in his paper [16] . Proof of the Theorem C largely depends on the sharp L p norm estimates of the operator e ξL for ξ ∈ C, subsequently we have extended Setti's result for all ξ ∈ C.
To put things in perspective, we now discuss the background of the subject. The study of chaotic dynamics of the heat semigroup on Riemannian symmetric spaces M of non-compact type, started with the work of Ji and Weber [10] . They studied the chaotic behaviour of certain shifts of the heat semigroup corresponding to the Laplace-Beltrami operator ∆ endowed with Riemannian structure, namely
on the space of all radial functions on L p (M ). In [13] , Pramanik and Sarkar extended the above result, and gave a complete characterization for the chaotic behaviour of the semigroup T (t) on the whole of L p (M ) and its related subspaces. A similar result concerning the chaotic behaviour of the heat semigroup (resp. Dunkl heat semigroup) is also known for harmonic N A groups (resp. Euclidean spaces) (see [1] and [15] ). In [13] , the authors proved the following result:
The proof of the above theorem is largely influenced by the work of Desch, Schappacher and Webb. In [4] Desch et al. gave a sufficient condition for a semigroup to be chaotic in terms of spectral properties of its generator. Hence the L p -spectrum of ∆ on M , which is a p-depending parabolic region, played a vital role in examining chaoticity and determining the range of perturbation for which the heat semigroup is chaotic. The p-dependence of the perturbation (that is, c p ), which relied heavily on the spectral properties of the generator, demanded that its point spectrum must contain infinitely many purely imaginary points.
A homogeneous tree may be viewed as a discrete analogue of a hyperbolic space. Nevertheless, there are certain differences due to the structural difference between these spaces. One such difference is that the Laplacian L is a bounded operator on L p (X). But, the L p -spectrum of the Laplacian L is also a p-depending conic region (in fact it is an elliptic region (2.8) in C). This elliptic region plays an important role in examining chaoticity and also in determining the range of perturbation for which the affine semigroup is chaotic.
Another motivation to study the chaotic dynamics of semigroups generated by analytic functions of the Laplacian on homogeneous trees is the work of deLaubenfels and Emamirad. In [3] , they studied the dynamical behavior of a class of operators, which is generated by non-constant analytic functions of the shift operator on weighted L p (N) spaces.
We end this section by providing a quick outline on the contents of this article. We have collected all relevant notation, definitions, and facts about the homogeneous trees in Section 2. The proofs of Theorem A and Theorem B are given in Section 3. In Section 4 we prove Theorem C and discuss some of its notable consequences.
Background materials on homogeneous trees
2.1. General Notations. The letters R and C will denote the set of all real numbers and complex numbers respectively. For z ∈ C we use the notation Re z and ℑz for real and imaginary part of z respectively. We will use the standard practice of using the letter C for constant, whose value may change from one line to another line. For every Lebesgue exponent p ∈ (1, ∞), we write p ′ to denote the conjugate exponent p/(p − 1). Further we define p ′ = ∞ when p = 1 and vice-versa. For p ∈ (1, ∞) let δ p = 1 p − 1 2 and S p = {z ∈ C : |ℑz| ≤ |δ p |}.
We assume δ 1 = −δ ∞ = 1/2 so that S 1 = {z ∈ C : |ℑz| ≤ 1/2}. It is important to note that δ p = −δ p ′ and S p = S p ′ for any p ∈ [1, ∞]. When p = 2, the infinite strip reduces to the real line. We shall henceforth write S • p and ∂S p to denote the usual interior and the boundary of S p respectively. For any bounded linear operator T defined on Lebesgue space L p (X), we shall write σ p (T ), P (σ p (T )) to respectively denote the set of spectrum and point spectrum of T in L p (X).
Basics.
Here we review some general facts about the homogeneous trees X, most of which are already known (see, for e.g. [2, 6, 7, 8] and the references therein). Most of our notations are consistent with that of [2] . Let X be a homogeneous tree and d be the natural distance on
Let G be the group of isometries of the metric space (X, d) and K be the stabilizer of o in G. Then X can be realized as a coset space G/K via the map g → g · o and every function on X corresponds to a K-right invariant function on G. Further radial functions on X correspond to K-bi-invariant functions on G. Throughout this article we shall write E(X) # to denote the subspace of all radial functions in a function space E(X). The boundary of X, denoted by Ω is the set of all infinite geodesic rays of the form {ω 0 , ω 1 , . . .} where ω 0 = o and ω n ∈ X. For fixed ω ∈ Ω, the map k → k · ω represents a transitive action of K on Ω.
Poisson Kernel and Poisson Transform.
On the boundary Ω, there exists a unique K-invariant, G-quasi-invariant probability measure ν and the Poisson kernel p(g·o, ω) is defined to be the Radon-Nikodym derivative dν(g −1 ω)/dν(ω). The Poisson kernel can be explicitly written as
where h ω (x) is the height of x with respect to ω (See [6] ). For z ∈ C and a suitable function F defined on the boundary, its Poisson transformation P z F is given by
It follows from the definition that P z = P z+τ , where τ = 2π/ log q. It is also a well-known fact
where γ is an analytic function defined by the formula
The elementary spherical function φ z which is defined as P z 1, is given by the formula (see [2, 7] )
where c is a meromorphic function given by
We now enlist some important properties of φ z in the following lemma, most of which follows easily from the explicit formula above (for details see [7, 11] ).
Lemma 2.1. Let φ z be the spherical function given by (2.5). Then (i) φ z is a radial eigenfunction of L with eigenvalue γ(z) and every radial eigenfunction
We also need the following estimates of P z F , which can be considered as a generalisation of the size estimates of φ z given above. For details about this topic we refer [11] .
2.5. Spectrum of Laplacian. Keeping in mind that chaoticity is largely dependent on the L p -spectrum of the Laplacian, we now recall some its important facts. The Laplacian L on X is defined by
It is easy to show that L is a bounded operator from L p (X) into itself. It follows from Lemma 2.1 above that for p ∈ (2, ∞) and z ∈ S • p , φ z are the L p -eigenfunctions of L and hence γ(S • p ) lies inside the set P (σ p (L)) of L p -point spectrum of L. In fact γ(S • p ) is exactly the set P (σ p (L)). To prove this, let us assume that there exists a non-zero function
In fact using Lemma 2.1 and a similar technique as above, one can completely summarize the L p -point spectrum of L as follows:
Regarding the L p -point spectrum of L, we have the following results.
The complete description of the L p -spectrum of L is given in the following Proposition. For details we refer [2, 6, 8] .
Proposition 2.4. For every p ∈ [1, ∞], the L p -spectrum σ p (L) of L is the image of S p under the map γ, which is precisely the set of all w in C which satisfies
In particular, σ 2 (L) degenerates into the line segment
The following elliptic region represents the L p spectrum of L.
Note that for 2 < p < ∞, the open elliptic region in this figure also represents the L p -point spectrum of L (i.e., γ(S • p )).
2.6. The Helgason-Fourier Transform. The Helgason-Fourier transform f of a finitely supported function f is a function on C × Ω defined by the formula
For a finitely supported function f on X and a continuous function F on Ω, we have
Using the estimate of Poisson transform (see Proposition 2.2) and the above duality relation, the authors of this paper proved the following (see [11] ):
Theorem 2.5. Let 1 < p < 2 and f ∈ L p (X). For p < r < p ′ and z ∈ C with ℑz = δ r ′ , there exists a constant C p,r > 0 such that
The above expression is a 'restriction type' inequality which shows that for each z ∈ S • p with z = α + iδ r ′ , f (z, ·) exists as a measurable function in L r (Ω). Regarding the analyticity of f (z, ·), we have the following result.
Lemma 2.6. Suppose f ∈ L p (X) for 1 < p < 2. Then for every ω ∈ Ω, the map z → f (z, ω) is analytic on S • p .
We conclude this section by providing the Plancherel Theorem which we shall require further.
Theorem 2.7 (Plancherel Theorem, [8] ). The Helgason-Fourier transform is an isometry
where µ denotes the Plancherel measure whose density with respect to the Lebesgue measure is given by τ −1 (q + 1) −1 q/2|c(s)| −2 .
Proof of Theorem A and Theorem B
To prove Theorem A and Theorem B, we collect some key results which will be used very frequently. As mentioned earlier, chaoticity of a semigroup is mainly triggered due to the abundance of its point spectrum. So, we need the following spectral mapping theorem (see [14, Theorem 10 .28, Theorem 10.33]). (a) σ p (g(T )) = g(σ p (T )). (b) P σ p (g(T )) = g(P σ p (T )).
The following sufficient condition for hypercyclicity which was proved by Desch, Schappacher and Webb is useful in the sequel. 3.1. Proof of Theorem A. Fix p ∈ (2, ∞). It follows from the definition that (1) implies (2) and (3). To complete the proof we only need to show that (2) =⇒ (3) and (3) =⇒ (1). We first prove (2) =⇒ (3): For a clear understanding, we have divided this proof into the following steps.
Step 1 : In this step, we prove that P σ p (f (L)) ∩ iR is an infinite set. Condition (2) implies that there exists a nonzero function h ∈ L p (X) such that T (t o )h = h for some t o > 0, that is 1 ∈ P σ p (e tof (L) ). Using Proposition 2.3 (ii) and Theorem 3.1 (b) we also have P σ p (e t 0 f (L) ) = e t 0 f (γ(S • p )) . Therefore there exists z 0 ∈ S • p such that f (γ(z 0 )) = 2nπi/t o for some n ∈ Z. Let Γ : S • p → C be defined by
It follows from the assumption on f that Γ is a non-constant holomorphic function on S • p . Since Γ(z 0 ) = 2nπi/t o for some z 0 ∈ S • p and Γ(S • p ) = P σ p (f (L)) therefore by the open mapping theorem it follows that P σ p (f (L)) must contains some open ball centered at 2nπi/t o . Hence P σ p (f (L)) ∩ iR is an infinite set. In particular the set V 1 = {z ∈ S • p : Γ(z) ∈ iQ} is an infinite set which contains a cluster point in S • p .
Step 2 : Let z ∈ V 1 . Since V 1 ⊆ S • p , therefore z = α + iδ r ′ for some r ∈ (p ′ , p) and α ∈ R. Hence the set
is well defined. It follows from inequality (2.6) that V 1 ⊆ L p (X). We now show that span(
Now for every j ∈ {1, 2, . . . , n}, z j ∈ V 1 and hence , Γ(z j ) = ip j /q j such that p j , q j ∈ Z with q j = 0. If we choose s = 2πq 1 · · · q n , then T (s)g = g. Hence span(V 1 ) ⊆ L p (X) per .
Step 3 : To prove that L p (X) per = L p (X), it is enough to prove that span(V 1 ) is dense in L p (X).
Fix z ∈ V 1 and suppose that z = α + iδ r ′ for some r ∈ (p ′ , p). Then for every F ∈ L r ′ (X), we have
Since F ∈ L r ′ (X) is arbitrary, therefore from Theorem 2.5 and the above equation, we have f (α + iδ r ′ , ω) = 0 for almost every ω ∈ Ω. Thus for every z ∈ V 1 , f (z, ω) = 0 for almost every ω ∈ Ω. By the Lemma 2.6, for each ω ∈ Ω the function z → f (z, ω) is analytic on S • p . So, we conclude that for almost every ω, the set of zeros of f has a cluster point in S • p , and hence f (z, ω) = 0 for every z ∈ S • p and for almost every ω. Since f ∈ L p ′ (X) ⊆ L 2 (X) (as X is a discrete space) whenever 2 < p < ∞, therefore by Plancherel Theorem 2.7 we conclude that f ≡ 0. This proves that span(V 1 ) is dense in L p (X). Now we will prove (3) =⇒ (1): Since the density of the periodic points is already assumed, so to prove our assertion it is enough to show that T (t) is hypercyclic. In view of Proposition 3.2, we only need to show that the sets X 0 and X ∞ (as defined in Proposition 3.2) are dense in L p (X). We define the sets
By repeating the arguments of Step 1 and Step 2 in the previous proof, one may prove that V 2 and V 3 are non-empty open sets and both contain a cluster point in S • p . Corresponding to the sets V i , we define (for i = 2, 3)
Adopting a similar approach as in Step 3, we may easily show that both span(V 2 ) and span(V 3 ) are dense in L p (X). The proof will be complete once we show that span(V 2 ) ⊆ X 0 and span(V 3 ) ⊆ X ∞ . For every z ∈ V 2 , lim t→∞ T (t)P z F L p (X) = lim t→∞ e tRe (Γ(z)) P z F L p (X) = 0. This shows that V 2 and hence span(V 2 ) is a subset of X 0 .
Next we prove that span(
If we choose g t = k j=1 e −tΓ(z j ) α j P z j F j , then T (t)g t = g for all t ≥ 0. Since Re (Γ(z j )) > 0 for each j, the limit g t L p (X) → 0 as t → ∞. Hence it follows from definition (3.13) that span(V 3 ) ⊆ X ∞ . This completes the proof. (1): Let p ∈ [1, 2] . We know from Proposition 2.3 (i), that P σ p (L) = ∅ . Hence by Theorem 3.1 (b) it follows that P σ p (T (t)) = ∅ for all t > 0. This show that only the zero function is a periodic point, that is, T (t) has no non-trivial periodic point in L p (X) for any p ∈ [1, 2] .
Proof of Theorem B. Part
Part (2): Now we will show that T (t) is not hypercyclic on L p (X). Let us first assume that p = 2. We proof this assertion by contradiction. If possible, assume that there exists a non-zero h ∈ L 2 (X) such that the set {T (t)h : t ≥ 0} is dense in L 2 (X). Then for g = 2h, there exists a sequence of non-negative real numbers {t n } such that T (t n )h → g in L 2 (X) as n → ∞.
If the sequence {t n } is bounded, then there exists a subsequence {t n k } of {t n } and some number t 0 ≥ 0 such that t n k → t 0 as k → ∞. Using the strong continuity of T (t), it follows that T (t n k )h → T (t 0 )h as k → ∞. Hence T (t 0 )h = g = 2h, which is impossible as P σ 2 (T (t 0 )) = ∅.
If the sequence {t n } is unbounded, then without the loss of generality we may assume that {t n } is strictly increasing to ∞. By using the Plancherel Theorem 2.7, we have 
. This implies that h L 2 (X) = 0, which is a contradiction to our assumption that h = 0. If S 2 has a positive Plancherel measure, then
exp{2t n Re f (γ(s))}| h(s, ω)| 2 dν(ω)dµ(s).
By the Monotone Convergence Theorem, it follows that the above integral tends to infinity as n tends to infinity. This again leads to a contradiction. Hence we conclude that for any h ∈ L 2 (X) and h = 0, the set {T (t)h : t ≥ 0} can never approximate 2h. This proves our assertion for p = 2. Now we assume p ∈ [1, 2) . Since X is a discrete space, hence L p (X) ⊆ L 2 (X) whenever 1 ≤ p < 2 and h L 2 (X) ≤ h L p (X) for every h ∈ L p (X). This implies that for any h ∈ L p (X) and h = 0, the set {T (t)h : t ≥ 0} can never approximate 2h. This completes the proof.
Proof of Theorem C and some of its consequences
Before going into the details, we recall some important facts related to the operator e ξL for ξ ∈ C. We refer [16] for a detailed study. The operator e ξL is a G-invariant, bounded operator on L p (X). Let
and µ 1 is the probability measure at a distance 1 from the reference point o and µ ( * k) 1 denotes the k-th convolution power of µ 1 . Then for p ≥ 1, e ξL f = f * h −ξ , for all f ∈ L p (X). Note that we use a different parametrization, our γ(z) corresponds to 1 − γ(z) in [16] . Now we prove the following Lemma, which gives the norm estimate of the operator e ξL for all ξ ∈ C. Lemma 4.1. Let e ξL be the operator defined as above. Then for p > 2 the following hold.
Proof. For Re ξ ≤ 0, this result is already known (see [16, Theorem 1] ). Now we prove the result for Re ξ > 0. It was proved in [16, Corollary 4 ] that for all non-zero ξ,
where h Z −ξ(1−γ(0)) (d) denotes the heat kernel associated to the heat operator on Z. Here h −ξ L p,1 (X) denote the Lorentz L p,1 -norm of h −ξ (for details about Lorentz norm, we refer [9] ). It was proved in [16, Page 748 ] that h Z −ξ(1−γ(0)) (d) = e ξ(1−γ(0)) I d (−ξ(1 − γ(0))) where I d (ξ) denotes the modified Bessel function of order d. Since Re {−ξ(1 − γ(0))} < 0, so the arguments given in [16] cannot be applied here. However by formula (8.01) from [12, Page 379], we have
. Now by substituting the pointwise estimates of h Z ξ(1−γ(0)) (d) from [16, Lemma 6] in (4.16), the result follows by just imitating the calculations given in that paper. Now we will prove the lower bound of e ξL p→p . For p > 2,
By taking the supremum over all z ∈ S • p , we have sup{exp{Re (ξγ(z))} : z ∈ S • p } = exp{Re ξ + Φ p (ξ)}. This gives the desired lower bound. Now we investigate the hypercyclicity of the semigroup e (aL+b)t when 2 < p < ∞. Proof. Fix p ∈ (2, ∞) and let a be a non-zero complex number. To prove that the semigroup T (t) is not hypercyclic for the given range of b, it is enough to show that the set {T (t)h : t ≥ 0} is not dense in L p (X) for any h ∈ L p (X). If b ≤ −Re a − Φ p (a) then it follows from the Lemma 4.1 that for every h ∈ L p (X),
This show that the set {T (t)h : t ≥ 0} is bounded and hence it cannot be dense. Now we consider the case when b ≥ −Re a+Φ p (a). We prove this assertion by contradiction. Suppose that there exists a non-zero h in L p (X) such that {T (t)h : t ≥ 0} is dense in L p (X). Note that for all t ≥ 0 e atL e −atL h = e −atL e atL h = h. By using the norm estimate (4.15), we have h L p (X) = e −atL e atL h L p (X) ≤ C exp{t(−Re a + Φ p (a))} e atL h L p (X) .
From the above inequality we obtain
Thus we conclude that the function '0' does not belong to the closure of {T (t)h : t ≥ 0} in L p (X) and we finally arrive at a contradiction. This shows that {T (t)h : t ≥ 0} cannot be dense in L p (X) for any h ∈ L p (X). This completes the proof.
4.1.
Proof of Theorem C. The equivalence of the conditions (1) and (2) is already proved in Theorem A. Also (4) implies (3) is a consequence of the Lemma 4.2 and (1) implies (4) is obvious. Now to complete the proof we only need to show the equivalence of (3) and (1), which will follow from the the following lemma. Now it can be proved easily that there exists z 0 ∈ S • p such that |e t(aγ(z 0 )+b) | = 1. Therefore the assertion follows by a similar argument given in the proof of Theorem A. This completes the proof.
Some Consequences.
There are some well-known examples of semigroups which are generated by the affine functions. As a consequence of Theorem C we have the following interesting results about the chaotic dynamics of these semigroups. 4.2.1. The Heat Semigroup. It is already mentioned in the introduction that the chaotic dynamics of the heat semigroup generated by certain shifts of the Laplace-Beltrami operator, are extensively studied on symmetric spaces [10, 13] and harmonic N A-groups [15] . Our objective is to formulate these results for the heat semigroup on homogeneous trees by using Theorem C as a tool. Recall that the heat semigroup on X generated by certain shifts of L is defined by the formula
Using Theorem B, it is clear that for any b ∈ R, T (t) is neither hypercyclic nor does it have any non-trivial periodic point on L p (X) whenever 1 ≤ p ≤ 2. However putting a = −1, the following result is an immediate consequence of Theorem C. 
4.2.2.
The Schrödinger Semigroup. Now we consider the Schrödinger semigroup generated by the perturbation of iL. Once again using Theorem C with a = i, we have the following.
Theorem 4.5. Suppose that T (t) = e t(iL+b) where t ≥ 0. Then for 2 < p < ∞, the following are equivalent.
(2) T (t) has a non-trivial periodic point. In a similar way as above, Theorem 4.5 can also be described geometrically using the following figure. 
